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We investigate the shear visosity η and the entropy density s of strongly oupled N = 4 su-
per Yang-Mills (SYM) plasma in late time of hydrodynami evolution with AdS/CFT duality and
Bjorken saling. We use orrelation funtion method proposed by Kovtun, Son and Starinets. We
obtain the metri gµν in a proper time dependent AdS5 spae through holographi renormalization,
whose boundary ondition is given by energy-momentum tensor of the plasma in 2+1 dimension
with transverse expansion or radial ow. With the metri we ompute η and s of uids in 1+1 and
2+1 dimension without and with radial ow. We nd the ratio η/s = 1/(4pi) in 1+1 dimension
onsistent with the Kovtun-Son-Starinets bound if next-to-leading terms in proper time are inluded
in the equation of motion for metri perturbations. For 2+1 dimension the result is unhanged in
the leading order of transverse rapidity.
PACS numbers: 12.38Mh,11.25Tq
I. INTRODUCTION
Quantum hromodynamis (QCD) tells us that quarks and gluons are onned inside hadrons in vauum or ground
state. No free quarks and gluons are deteted in any hadroni ollisions. Finite temperature theory of QCD predits
that the deonnement of quarks and gluons an be reahed at high temperatures and densities and a new state of
matter, the quark gluon plasma (QGP), an be reated [1℄. Aording to lattie QCD alulations the onnement-
deonnement phase transition takes plae at temperature of about 170 MeV in three avor ase [2℄. In early 1970s
Lee and Greiner and his ollaborators proposed that the deonnement ould be realized by smashing two heavy ions
together at ultrarelativisti energies [3℄. This is the only way of generating QGP in laboratories. The minimum energy
density for deonnement to take plae is about an order of magnitude higher than normal nulear matter density. The
urrent energy frontier of heavy ion ollisions is the Relativisti Heavy Ion Collider (RHIC) at Brookhaven National
Laboratory (BNL), whih has been running sine the summer of 2000. A lot of evidenes imply that the QGP at
RHIC is near perfet uid (strongly oupled QGP or sQGP), whih is ontrary to the onventional onept of QGP
as a weakly interating gas of quarks and gluons, see e.g. (author?) [4, 5℄.
While perturbation an be used to deal with weak oupling problems, there are a lot of diulties in desribing a
strongly oupled system due to its non-linear feature and failure of perturbative methods. In reent years a promising
method to deal with strong oupling problems in gauge theory is through string/gauge duality or preisely AdS/CFT
duality, where AdS and CFT are abbreviations for anti-de Sitter spae and onformal eld theory respetively. The
duality was rst proposed by Maldaena and many others [6, 7, 8℄, where a strongly oupled onformal gauge eld
theory orresponds to weekly oupled losed strings at 't Hooft limit. So properties of a weekly oupled string an
provide information for strongly oupled gauge theory.
Poliastro, Son and Starinets rst used AdS/CFT duality to alulate transport oeients of strongly oupled
dense matter [9℄. Kovtun, and Son and Starinets derived a lower bound (alled KSS bound) for the ratio of shear
visosity to entropy density, η/s & 1/(4pi), onsistent to the RHIC data (author?) [10℄. These works open an avenue
to study properties of strongly oupled matter followed by a lot of developments in hydrodynami properties of
sQGP (author?) [11, 12, 13, 14℄. Reently the jet quenhing eet has been investigated with AdS/CFT tehniques
(author?) [15, 16, 17℄. The seening length of the heavy quark potential an also be desribed from the AdS/CFT
duality (author?) [18, 19, 20, 21℄, whih is losely related to the J/ψ suppression in hot medium.
The KSS bound is valid for any onformal uids. Altough it is debatable that the sQGP is a onformal uid, the
ratio η/s is xed to be the KSS bound in all periods of the sQGP evolution in some hydrodynami simulations [22, 23℄.
However the sQGP formed in ultra-relativisti heavy ion ollisions has partiular geometri ongurations suh as
boost invariane [24℄ et.. Janik and Peshanski rst onsidered a proper time dependent AdS5 metri with boost
invariane through holographi renormalization in late time of uid evolution (author?) [25, 26, 27℄. The method has
been extended to sQGP with shear visosity [28, 29℄, where the shear visosity appears in energy-momentum tensor
in CFT and nally enter in the AdS5 metri. The early time behavior of sQGP has also been addressed following
similar method and an then join the late time one to provide a global piture for time evolution in heavy ion ollision
(author?) [30, 31℄. The exat solution to the gravity dual of 1+1 dimensional sQGP with Bjorken saling has been
2found by Kajantie, Louko and Tahkokallio, whih is helpful to understand what happens in 1+4 dimension in the real
world (author?) [32℄. The proper time dependent AdS5 metri without shear visosity does not neessarily mean
that the N = 4 super Yang-Mills (SYM) plasma is non-visous, noting that the shear visosity with AdS/CFT duality
is obtained by a D3 blak AdS metri in Ref. [33, 34℄. If we treat the proper time dependent AdS5 metri without
visosity as an extension of standard AdS metri we an build up a onnetion between the sQGP as an ideal uid to
the SYM plasma, then the ratio η/s may not be zero.
In this paper, we investigate the 2+1-dimensional expansion (also inluding 1+1-dimensional expansion) of the
sQGP in late time and obtain the proper time dependent AdS5 metri through holographi renormalization. The
metri dual to the sQGP uid an be obtained by solving the Einstein equation with the stress tensor of sQGP as
boundary value of the metri if transverse expansion is small and an be treated as a perturbation. The metri has
o-diagonal elements proportional to transverse rapidity. We ompute with the metri the shear visosity in 1+1 and
2+1 dimension through Kubo formula with AdS/CFT duality. In 1+1 dimension with transverse expansion turned
o, the shear visosity is found to be vanishing if only the leading terms in proper time are onsidered in the Einstein
equation or the equation of motion for perturbations to the metri. Only inluding the next-to-leading terms an
one get the ratio η/s = 1/(4pi), indiating the shear visosity is a higher order eet in late time behavior. In 2+1
dimension the result is unhanged in the leading order of transverse rapidity.
The struture of the paper is as follows. In Se. II, we obtain the proper time dependent AdS5 metri orresponding
to the sQGP in 2+1 dimension. In Se. III we derive the eetive ation for perturbations in the AdS metri. We
ompute the ratio η/s in Se. IVA and IVB for 1+1 and 2+1 dimensional ases respetively. We make summary
and onlusions in Se. V. In the paper we take the signature (−,+,+,+,+) for the metri.
II. 2+1 HYDRODYNAMICS WITH PROPER TIME DEPENDENT AdS5 METRIC
A. 2+1 hydrodynamis for ideal uids
In order to desribe the hydrodynami evolution of an ultrarelativisti system with transverse expansion, e.g. in
heavy ion ollisions, we use ylindrial oordinates,
xµ = (τ, y, r, θ), (1)
where y is the rapidity, τ the transverse proper time, r the radius in transverse plane, and θ the azimuthal angle
around longitudinal diretion. Note that the full proper time τf is related to τ by τ
2
f = τ
2 − r2. Hereafter the proper
time means the transverse one if not expliitly stated. The line element is given by
ds2 = −dτ2 + τ2dy2 + dr2 + r2dθ2, (2)
whih gives the metri g˜
(0)
µν = diag(−1, τ2, 1, r2). The veloity four-vetor an be parametrized as
uµ =
dXµ
dτf
=
1√
1−R2(τ, r)/τ2
[
1, 0,
R(τ, r)
τ
, 0
]
≡ [coshα(τ, r), 0, sinhα(τ, r), 0] , (3)
where R is a funtion of (τ, r) and α is the radial rapidity in transverse diretion. The radial veloity is dened by
ur ≡ sinhα. One an verify that the veloity satises uµuµ = −1.
For ideal uid with the equation of state ρ = 3P where ρ and P are energy density and pressure respetively, the
energy-momentum tensor is
Tµν = (ρ+ P )uµuµ + P g˜
(0)
µν (x)
=

− ρ3 + 43ρ cosh2 α 0 − 43ρ sinhα coshα 0
0 ρ3τ
2 0 0
− 43ρ sinhα coshα 0 ρ3 + 43ρ sinh2 α 0
0 0 0 ρ3r
2
 . (4)
One an verify that Tµν satises onformal invariane T
µ
µ = 0. The energy-momentum onservation equations read
∇µT µν ≡ ∂µT µν + ΓµµσT σν + ΓνµσT µσ = 0, (5)
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Figure 1: The radial veloity ur = sinhα as funtions of r and τ .
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Figure 2: The radial veloity ur = sinhα as funtions of r and τ .
where Γµµσ are Christoel symbols for the metri in (2). The above equations lead to
∂τ ln ρ = − 2
τ
2 cosh2 α
2 cosh2 α+ 1
(
1 +
R
τ
+ ∂τR
)
,
∂τ lnR =
1
τ
R/τ + 2 + 2(1− ∂rR) cosh2 α
2 cosh2 α+ 1
. (6)
Given the initial ondition R(τ0, r) = ξτ0r where ξ is set to 0.05 fm
−1
, Eq. (6) an be solved numerially whose
results are shown in Fig. (1)(2) and are omparable with those in Ref. [35℄. The results show that the radial veloity
is linearly proportional to the radial distane, i.e. ur ∼ ξr, where ξ is a small number. One an see in the gure
that ur rises sharply in a very short early time and gradually falls with inreasing τ . If the expansion in transverse
diretion is negligible ompared to that in longitudinal diretion the energy density damps in the same way as in the
ase of 1+1 dimension, i.e. ρ ∼ τ−4/3.
4B. General setup of holographi model for 2+1 hydrodynamis
In this setion we briey introdue the general idea of the holographi model for relativisti hydrodynamis. The
metri in AdS spae an in general be written as [36℄,
ds2 = gMNdX
MdXN =
1
z2
[
g˜µν(x, z)dx
µdxν + dz2
]
, (7)
where XM = (xµ, z) and g˜µν(x, z) is the metri tensor in the 4-dimensional spae (1) and generally depends on z.
Normally one assumes the following form of g˜µν(x, z),
g˜µν(x, z)dx
µdxν = −Adτ2 +Bτ2dy2 + C (dr2 + r2dθ2)+ 2Ddτdr, (8)
where we have introdued the o-diagonal term proportional to dτdr to aount for transverse expansion or radial
ow implied by energy-momentum tensor in (4). Note that the o-diagonal term related to transverse expansion is
absent in the metri (2). One an write the oeients A, B, C and D in exponential forms,
A = ew, B = eb, C = ec, D = ed. (9)
In general these oeients are funtions of x and z. A standard way of holographi renormalization [37, 38℄ is to
expand the metri g˜µν(x, z) or these oeients in the fth oordinate z,
g˜µν(x, z) =
∑
n=0
z2ng˜(2n)µν (x), (10)
where g˜
(0)
µν (x) is just the metri (2) in 4-dimensional spae. The seond order term g˜
(2)
µν (x) an be proved to be
vanishing. The fourth order term g˜
(4)
µν (x) is given by the energy-momentum tensor,
g˜(4)µν (x) ∝ 〈Tµν〉 , (11)
where we set fator
N2
2pi2 = 1 (N is the number of olors) and we will nally restore it. Given by these boundary
onditions one an solve the AdS metri (7) from the Einstein equation with the osmologial onstant Λ = −6 whih
we will disuss about in Se. (III),
RMN − 1
2
gMNR + 6gMN = 0, (12)
where RMN and R are the urvature tensor and salar in AdS spae with the metri gMN given in (7).
C. Holographi model in late time
The introdution of the r dependene of the metri (22) makes solving the Einstein equation a formidable task even
with the method of Janik and Peshanski [25, 28, 29℄. So the simpliation is neessary. In this setion we onsider
a simplied problem with perturbation in transverse diretion based on the Janik-Peshanski method.
Supposing α is small in Eq. (4) we an make an expansion of Tµν in α,
Tµν =

ρ 0 0 0
0 τ2 13ρ 0 0
0 0 13ρ 0
0 0 0 r2 13ρ
+ α

0 0 − 43ρ 0
0 0 0 0
− 43ρ 0 0 0
0 0 0 0

+α2

4
3ρ 0 0 0
0 0 0 0
0 0 43ρ 0
0 0 0 0
+O (α3) . (13)
In this expansion, we see that o-diagonal elements are proportional to odd power of α, while modiations of diagonal
elements are proportional to even power of α. In leading order the transverse veloity vanishes and we reprodue the
5results in Ref. [25, 28℄. In next-to-leading order O(α) the transverse veloity does not vanish while the energy density
and pressure do not hange, whose modiations are in O(α2) or higher.
If we assume that there is no linear terms of α in diagonal omponents of the AdS metri gMN , we get the following
result by solving the Einstein equation (12),
gMN =
1
z2

− (1−a)21+a 0 43α (1−a)
2
1+a 0 0
0 τ2(1 + a) 0 0 0
4
3α
(1−a)2
1+a 0 1 + a 0 0
0 0 0 r2(1 + a) 0
0 0 0 0 1
 , (14)
with a = ρ0z
4
3τ4/3
and ρ0 is a onstant energy density.
In the ase without o-diagonal omponents in the metri (14), i.e. α = 0, the line element in entral rapidity
region (not for non-entral rapidity region) has the form,
ds2 = − (1− z
4/z4H)
2
1 + z4/z4H
dτ2
z2
+
1 + z4/z4H
z2
[τ2dy2 + dr2 + r2dθ2] +
dz2
z2
, (15)
where the blak hole loates at
zH =
(ρ0
3
)−1/4
τ1/3, (16)
whih depends on τ . See Appendix (A) for the derivation of the metri (15). Changing variables,
z → z˜ = z√
1 + z
4
z4H
, zH → z˜H = zH√
2
, (17)
we an verify that the line element (15) is the standard one in D3 blak AdS5 spae if z0 is onstant, see Se. III,
ds2 = −1− z˜
4/z˜4H
z˜2
dτ2 +
dx2
z˜2
+
1
1− z˜4/z˜4H
dz˜2
z˜2
, (18)
where dx2 ≡ τ2dy2+ dr2 + r2dθ2 and z˜H is the loation of the blak hole horizon, the osmology onstant for AdSd+1
is [38℄
Λ = −d(d− 1)
2
= −6, (19)
and the Hawking temperature is determined by the behavior of the metri near the horizon,
TH =
1
piz˜H
=
√
2
pizH
. (20)
Hereafter we all the proper time dependent AdS5 metri the AdS
#
one in (14) with transverse expansion or in
(15) without transverse expansion.
III. EFFECTIVE ACTION FOR PERTURBATIONS IN AdS METRIC
The low energy limit of type IIB string theory in AdS5×S5 spae an be approximated by a ve-dimensional theory
(see, e.g. (author?) [34℄) whose ation is
I5D ≈ N
2
8pi2R3
∫
d5x(R5D − 2Λ + · · ·), (21)
where R5D is the salar urvature in AdS5, Λ the osmologial onstant, and R the radius of S5. The line element in
AdS5 spae without blak hole is
ds2 =
r2
R2
(−dt2 + dx2) + R
2
r2
dr2. (22)
6Using the variable z = R2/r, the above line element an be written as
ds2 =
R2
z2
(−dt2 + dx2 + dz2). (23)
The line element with a blak hole has the form
ds2 =
R2
z2
[
−(1− z4/z4H)dt2 + dx2 +
1
1− z4/z4H
dz2
]
=
pi2T 2R2
u
[−(1− u2)dt2 + dx2] + R
2
4u2(1− u2)du
2, (24)
where u = z2/z2H and zH = 1/(piT ).
The AdS/CFT orrespondene an be expressed by
Z4D[J ] = e
iS5D [φ]
∣∣∣
J(x)=φ(x,z=0)
, (25)
where Z4D[J ] is the partition funtion of CFT in 4-dimensional Minkowski spae and S5D[φ] the ation in AdS5 given
by (21) for the lassial bulk eld φ(x, z), J(x) is the soure in 4-dimension taking the value of the bulk eld on the
boundary z = 0 in AdS5. The partition funtion Z4D[J ] is a funtional of J(x),
Z4D[J ] =
∫
[dϕ]exp
{
iSCFT [ϕ] + i
∫
d4xJO[ϕ]
}
, (26)
where ϕ denotes the CFT elds, O[ϕ] is the operator oupling to J(x), and SCFT [ϕ] is the CFT ation. Following the
AdS/CFT orrespondene the Green funtions of operators O in CFT an be evaluated in terms of S5D[φ] in AdS5,
for example, a two-point Green funtion is
〈TO(x1)O(x2)〉4D =
δ2S5D[φ]
iδφ(x1)δφ(x2)
∣∣∣∣
J(x)=φ(x,z=0)
. (27)
We note that the stress tensor is oupled with the metri,
Tµν = − 2√−g˜ δSCFTδg˜µν , (28)
where Tµν an be regarded as an operator in CFT and the metri g˜µν in 4-dimension as its soure. In order to obtain
the shear visosity η through the Kubo formula,
η = − lim
ω→0
1
ω
ImGR12,12(ω,0), (29)
we need to know the Green funtion of T12 at low energy limit,
GR12,12(ω,k) = −i
∫
d4xeik·xΘ(t) 〈[T12(x), T12(0)]〉 . (30)
To obtain GR12,12(ω,k) from the gravitational dual we should know the ation S5D[gµν ] in AdS5 as a funtional of
gµν with the boundary value gµν(z = 0) → g˜µν . For this purpose we onsider a variation in the AdS5 metri,
gµν = g
(0)
µν + hµν . We an hoose for simpliity hzµ = hµz = 0 and that hµν depend on t, x
3
and z (or u). The line
element in (24) then beomes
ds2 =
pi2T 2R2
u
[−(1− u2)dt2 + dx2] + R
2
4u2(1− u2)du
2 + hµνdx
µdxν . (31)
We an expand the ation (21) in terms of hµν ,
I5D ≈ N
2
8pi2
∫
d5x
√−g(Rµν − 1
2
gµνR+ Λgµν)hµν
=
N2
8pi2
∫
d5x
√−g(R(0)µν −
1
2
g(0)µνR(0) + Λg(0)µν )hµν
+
N2
8pi2
∫
d5x
√−g(δRµν − 1
2
hµνR(0) − 1
2
g(0)µν δR+ Λhµν)hµν
=
N2
8pi2
∫
d5x
√−g(δRµν − 1
2
g(0)µν δR+ 4hµν)hµν , (32)
7where we have used the fat that the rst term of the seond equality is vanishing from the Einstein equation for the
unperturbed metri g
(0)
µν . We have also used R0 = −20 and Λ = −6. Here we have hosen the S5 radius R = 1. We
onsider the omponents h12 = h21 whih an be veried to deouple from others. For the metri (31), the ation
(32) an be simplied as
I5D ≈ N
2
8pi2
∫
d5x
√−g(δR12 + 4h12)h12 = N
2
8pi2
∫
d5x
√−g
(
−1
2
gµν∂µφ∂νφ+ · · ·
)
, (33)
with φ = h12 = g
11h12 and h
12 = −g11g22h12. The retarded two-point Green funtions of the CFT stress tensor an
then be derived from the quadrati terms in I5D as above by using Eq. (27). The shear visosity is then obtained
through the Kubo formula (29).
IV. SHEAR VISCOSITY AND ENTROPY DENSITY IN AdS#5
In this setion we will alulate the shear visosity in AdS#5 following the proedure of AdS/CFT duality presented
in the previous setion. Also we will ompute the entropy density in AdS#5 . We onsider uid evolutions in 1+1/2+1
dimension without/with transverse expansion or radial ow.
A. 1+1 dimension without transverse expansion
Following Janik and Peshanski's solution [25℄ in late time, the line element in AdS#5 in 1+1 dimension an be
written as
ds2 =
1
z2
{
− (1− a)
2
1 + a
dτ2 + (1 + a)[τ2dy2 + dx21 + dx
2
2]
}
+
dz2
z2
, (34)
where a = ρ0z
4
3τ4/3
. Note that the derivative of a is non-zero, i.e. ∂τ,za 6= 0 in omputing the Rii tensor and the
salar urvature. Finally we will keep a onstant a while taking the limit τ → ∞ when doing power ounting in
τ . In adopting the above measure we an verify after a lenghy but straightforward algebra that the Rii tensor
Rµν = −4gµν and R5D = −20 upto higher order terms in negative powers of τ . The determinant of the metri is√−g = 1z5 (1 − a2)τ . Taking a perturbation in the metri gµν = g(0)µν + hµν with h12 = h12(τ, y, z) and hµν = 0 for all
other indies µ, ν, we obtain the quadrati terms of the eetive ation up to higher order ontributions in negative
powers of τ ,
I5D ≈ − N
2
16pi2
∫
d5x
√−ggµν∂µφ∂νφ, (35)
where φ ≡ h12 = g11h12, d5x = dτdydx1dx2dz and µ = τ, y, 1, 2, z. The equation of motion for φ is then
∂µ(
√−ggµν∂νφ) = 0. (36)
We assume a fatorized form for φ,
φ(τ, y, z) = φ0(y, τ)f(z) =
∫
dωdp3
(2pi)2
exp(−iωτ cosh y + ip3τ sinh y)φ0(ω, p3)fp(z) (37)
where p3 is the momentum along the third axis (we do not distinguish subsript or supersript for this mometum).
Inserting the above into Eq. (36) and taking the limit τ → ∞ while keeping v or a onstant, the leading order
ontribution of O(τ0) in Eq. (4) gives
0 = (1− a2)d
2fp
dz2
+ fp
(1 + a)2
1− a ω
2 cosh2 y − fp(1− a)(−ω sinh y + p3 cosh y)2. (38)
We onsider the entral rapidity y = 0 and stati limit p3 = 0, the above equation beomes
d2fp
dz2
+
(1 + a)
(1− a)2ω
2fp = 0. (39)
8The reason for hoosing entral rapidity is that the metri (34) an only be treated as an extension of the standard
AdS one at entral rapidity, see Appendix A. Considering the solution near the horizon at aH = 1 and hanging
variables,
z → z′ =
(ρ0
3
)1/4
τ−1/3z,
ω′ → 1
2
√
2
(ρ0
3
)−1/4
τ1/3ω, (40)
Eq. (39) an be rewritten
d2fp
dz′2
+
1
(1− z′)2ω
′2fp = 0. (41)
The solution to Eq. (41) an be found,
fp(z) = (1− z′)1/2(1±
√
1−4ω′2) ≈ (1− z′)1/2±iω′ , (42)
where we have approximated
√
1− 4ω′2 ≈ i2ω′ at the limit τ → ∞, sine ω′ ∼ τ1/3 ≫ 1. Using the inoming wave
solution orresponding to the positive sign in (42) and substituting it bak into the ation (35), the boundary term at
z = zH or the blak hole horizon at aH = 1, the retarded Green funtion G
R
12,12(ω) at the stati limt an be obtained,
whih is vanishing due to the presene of the real part
1
2 in the exponent of the solution (42). This an be seen from
the fat that there is a fator (1 − z′) whih is zero at the boundary, see Eq. (B1) in Appendix (B). Therefore we
have shown that the shear visosity is absent from the saling solution in 1+1 dimension in the leading order.
Piking up the next-to-leading order ontribution of O(1/τ1/3) in Eq. (36), Eq. (39) beomes
d2fp
dz2
− 3 + 5a
2
z(1− a2)
dfp
dz
+
(1 + a)
(1 − a)2ω
2fp = 0. (43)
Changing variables as in Eq. (40), the above equation near the horizon an be rewritten in the form
d2fp
dz′2
− 1
1− z′
dfp
dz′
+
1
(1− z′)2ω
′2fp = 0, (44)
whose solutions are
f±p(z) = (1− z′)±iω′ . (45)
As derived in Eq. (B2) in Appendix B, the retarded Green funtion at stati limit is obtained,
GR12,12(ω, 0) = −2F (ω) = −i
√
2
33/4 × 4pi2N
2ρ
3/4
0 τ
−1ω. (46)
The shear visosity per unit transverse area an be obtained from the Kubo formula (29),
η =
ρ
3/4
0
√
N
63/4
√
pi
1
τ
. (47)
where we have reovered the fator ρ0 → ρ0
(
N2
2pi2
)−1
.
The Hawking temperature is T =
√
2
pizH
from Eq. (20) where zH is the horizon of the blak hole given in Eq. (16).
Then the initial energy density is a onstant due to T ∼ τ−1/3,
T =
√
2
pizH
=
√
2
pi
(
2pi2ρ0
3N2
)1/4
τ−1/3. (48)
The entropy per unit rapidity and unit transverse area is given by [25, 29℄,
S =
(
N2
2pi
)1/4 (pi
3
)3/4
2
√
2ρ
3/4
0 =
N2
2
pi2T 3τ. (49)
9The entropy density is obtained,
s =
S
τ
=
1
2
N2c pi
2T 3, (50)
where we see that the entropy density has an asymptoti behavior s ∼ τ−1. From Eq. (47) and (50), we get the
well-known value,
η
s
=
1
4pi
. (51)
B. 2+1 dimension with transverse expansion
The metri in 2+1 dimension with radial ow is given in (14), in order to alulate the shear visosity we have
to introdue a perturbation to the bakground metri. It is then onvenient to expliitly use retangular transverse
oordinates (x1, x2) instead of ylindrial ones (r, θ). The orresponding line element is
ds2 =
1
z2
{
− (1− a)
2
1 + a
dt2 + (1 + a)(dx3dx3 + dxidxi) +
8
3
α
(1 − a)2
1 + a
1
r
xidxidt+
dz2
z2
}
, (52)
where r =
√
xixi and the summation over i = 1, 2 is implied. We keep in mind that α is small. The metri determinant
has the same form as in the 1+1 dimensional ase in the leading order,
√−g = 1
z5
(1− a2) +O(α2). (53)
Now we onsider the perturbation h12(t, x3, z) to the bakground metri (52). Denoting φ = h
1
2(t, x3, z), we nd the
equation of motion for φ,
0 = δR12 + 4φ = −
1
2
√−g∂µ(
√−ggµν∂νφ). (54)
It an be veried that the entangled term ∼ αφ appear in O(t−1/3), while leading terms are of O(t2/3). So the
transverse part is deoupled from φ in the leading order. The shear visosity and entropy density per unit transverse
area are the same as in the 1+1 dimensional ase, Eqs. (47) and (50).
We an also onsider the perturbation along x2 axis (or equivalently x1 axis), i.e. φ = h
1
3(t, z, x2). To the leading
order O(τ2/3) we nd the equation of motion for φ,
0 = δR13 + 4φ = −
1
2
√−g∂µ(
√−ggµν∂νφ) + t2/3 2
3
α
1
1 + a
(x2)2
r3
∂tφ, (55)
whose expliit form reads,
− ∂2zφ+
1 + a
(1 − a)2 ∂
2
t φ−
4
3
α
1
1 + a
(x1)2
r3
∂tφ = 0. (56)
We see that the transverse part enters the equation of motion in the leading order. We assume that the solution has
the fatorization form φ(t, x2, z) = φ0(p)fp(z)e
−iωt+ip2x2
, then we derive from Eq. (56) the dierential equation for
fp(z),
d2fp
dz2
− 3 + 5a
z(1− a2)
dfp
dz
+
1 + a
(1− a)2ω
2fp − i
1 + a
2α
3r
ωfp = 0, (57)
where we an expand the equation near the horzion z → zH in Eq. (16),
d2fp
dz′2
− 1
1− z′
dfp
dz′
+
1
(1− z′)2ω
′2fp − iα2
√
2zH
3r
ω′fp = 0. (58)
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The solution is a linear ombination of Bessel funtions,
fp1 = Jiω′
[
i3/2(1 − z′)zH
√
αω
3r
]
,
fp2 = Yiω′
[
i3/2(1− z′)zH
√
αω
3r
]
.
Sine α is small, we an make expansion in α for the solutions fp1 and fp2. One an verify that the solution is a linear
ombination of fp and f−p,
fp = (1− z′)iω′ziω′H
(αω
3r
)iω′ [ (−1)i3ω′/42−iω′
Γ(1 + iω′)
+
i(−1)i3ω′/42−2−iω′
(1 + iω′)Γ(1 + iω′)
(1− z′)2z2H
αω
3r
]
,
f−p = fp(iω′ → −iω′). (59)
One sees that f−p = f∗p . Following Eq. (B3) in Appendix B and steps in previous setion, we get the same value as
in the ase of 1+1 dimension, i.e. η/s = 1/(4pi).
V. SUMMARY AND DISCUSSIONS
We derive a time dependent metri dual to sQGP uid in 2+1 dimension with radial ow in late time by holographi
renormalization. It is diult to obtain the exat solution to the Einstein equation with this metri, espeially when
the metri has o-diagonal omponents for radial ows. If transverse expansion is small and an be treated as a
perturbation, the late time asymptoti solution, the metri in (14) with o-diagonal elements, an be found by using
v = z4/τ4/3 as a saling and expansion parameter. With this metri we alulate the ratio η/s of shear visosity η to
entropy density s for sQGP in SYM eld theory with the KSS method. As a rst attempt we onsider 1+1 dimension
with only longitudinal ow whose metri is diagonal. If we inlude only the leading order terms in the equation of
motion for perturbations to the metri, the shear visosity is vanishing, onsistent to the assumption that the uid is
ideal. We reprodue KSS bound 1/(4pi) for η/s if we pik up the next-to-leading order term in the equation of motion,
indiating that the shear visosity is a higher order eet. Our derivation is based on the Janik and Peshanski's
method and is valid in late time, τ →∞. For intermidiate stage of hydrodynami evolution the ratio is not neessarily
1/(4pi) for an expanding uid, so our result is not trivial or obvious. We further show that the ratio for uids in 2+1
dimension in late time with transverse ow is the same as in 1+1 dimension in the leading order of transverse rapidity.
We remember that the mean free path is lmfp ∼ 1/(nσv), where n ∼ T 3 is the partile number density, σ ∼ g2T−2 (g
is the oupling onstant) the typial sattering ross setion and v ∼ 1 the typial veloity. The shear visosity an
then be estimated as η ∼ ρlmfp ∼ g−2T 3, where ρ is the energy density. In omparsion with our result in Eq. (47), we
have η ∼ τ−1, T ∼ τ−1/3 and g does not hange with the proper time. This implies that if the oupling is as strong
at the beginning as in late time of uid expansion or hydrodynami evolution does not inuene the strength of the
interation.
In 1+1 dimension one an introdue the shear visosity of the next-to-leading order in the stress tensor in late time
solution (author?) [26, 28, 29℄. So an interesting attempt is to alulate the shear visosity with the metri dual to
the stress tensor with shear terms. We found that the orretion to the shear visosity is also of the next-to-leading
order, η/s = 1/(4pi) +O(τ−1−s).
The same analysis an also be applied to hydrodynami behaviors of sQGP in early time, whih is important to
understand the initial state of QGP (author?) [30℄. However early time behaviors of uids show anisotropi feature
and therefore more ompliated. We will reserve it for a future investigation.
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Appendix A: DERIVATION OF THE METRIC IN (15)
The D3 blak AdS metri an be writen as
ds2 = − (1− z
4/z40)
2
1 + z4/z40
dt2 + (1 + z4/z40)
dx2
z2
+
dz2
z2
. (A1)
Changing variables to (t, x3)→ (τ, y) through t = τ cosh y, x3 = τ sinh y, the metri beomes
ds2 = (−A cosh2 y +B sinh2 y)dτ2 + τ2(−A sinh2 y +B cosh2 y)dy2
+2τ(−A+B) cosh y sinh ydτdy + ... (A2)
where A =
(1−z4/z4
0
)2
1+z4/z4
0
and B = (1 + z4/z40). The metri (A2) has the symmetry under y → −y. In omparsion with
Janik and Peshanski's time dependene metri, there is an o-diagonal part ∼ dτdy in the metri (A2). So the metri
(15) is only valid in entral rapidity region around y ∼ 0.
Appendix B: EVALUATION OF RETARDED GREEN FUNCTION FROM SOLUTION (42)
Substituting the solutions f± in (42) and (45) bak into the ation (21) and keep the boundary term at z = zH , we
nd
I5D = − N
2
16pi2
∫
d4xdz
∂
∂z
[
√−ggzzφ(τ, y, z)∂zφ(τ, y, z)]
= − N
2
16pi2
∫
d4xτ
1− a2
z3
φ(τ, y, z)∂zφ(τ, y, z)
∣∣∣∣
z=zH
= − N
2
16pi2
∫
dτdydx1dx2τ
∫
dωdp3dω
′dp′3
(2pi)4
exp[−i(ω + ω′)τ cosh y + i(p3 + p′3)τ sinh y]
×φ0(ω, p3)φ0(ω′, p′3)
1− a2
z3
fp′(z)
dfp(z)
dz
∣∣∣∣
z=zH
= − N
2
16pi2
∫
d(τ cosh y)d(τ sinh y)dx1dx2
∫
dωdp3dω
′dp′3
(2pi)4
× exp[−i(ω + ω′)τ cosh y + i(p3 + p′3)τ sinh y]φ0(ω′, p′3)φ0(ω, p3)
× 1− a
2
z3
fp′(z)
dfp(z)
dz
∣∣∣∣
z=zH
= − N
2
16pi2
∫
dx1dx2
∫
dωdp3
(2pi)2
φ0(−ω,−p3)φ0(ω, p3) 1− a
2
z3
f−p(z)
dfp(z)
dz
∣∣∣∣
z=zH
≡
∫
d4p
(2pi)4
φ0(−ω,−p)φ0(ω, p)F (ω).
In the fourth equality we have hanged the integral variables, dτdyτ = d(τ cosh y)d(τ sinh y). In the last we have
assumed that φ0(ω, p) = (2pi)
2δ(p1)δ(p2)φ0(−ω,−p3) and set the transverse area L2 = 1. Now we evaluate F (ω). For
the solutions (42), we have
F (ω) ∝ lim
z→zH
1− a2
z3
f−p(z)
dfp(z)
dz
=
8
z3H
lim
z→zH
(1− z′)(1 − z′)1/2−iω′ d
dz
(1 − z′)1/2+iω′
= −8
3
ρ0τ
−4/3(1/2 + iω′) lim
z→zH
(1 − z′)
= 0, (B1)
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while for the solutions (45), we obtain
F (ω) = − N
2
16pi2
1− a2
z3
f−p(z)
dfp(z)
dz
∣∣∣∣
z=zH
= i
N2
16pi2
ω′
8
3
ρ0τ
−4/3 lim
z→zH
(1− z′)(1− z′)−iω′(1− z′)iω′−1
= iω
√
2N2
8pi2
(ρ0
3
)3/4
τ−1. (B2)
For the solution (59), we get
F (ω) = − N
2
16pi2
1− a2
z3
f−p(z)
dfp(z)
dz
∣∣∣∣
z=zH
= − N
2
16pi2
8
3
ρ0τ
−4/3 lim
z→zH
(1− z′)f−p(z)dfp(z)
dz′
= iω
√
2N2
8pi2
(ρ0
3
)3/4
τ−1 (B3)
where we have used
dfp(z)
dz′
= −iω′(1− z′)iω′−1ziω′H
(αω
3r
)iω′ [(−1)i3ω′/42−iω′
Γ(1 + iω′)
+
i(−1)i3ω′/42−2−iω′
(1 + iω′)Γ(1 + iω′)
(1− z′)2z2H
αω
3r
]
−2(1− z′)iω′+1ziω′+2H
(αω
3r
)iω′+1 i(−1)i3ω′/42−2−iω′
(1 + iω′)Γ(1 + iω′)
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